Tidal debris from Galactic satellites generally forms one-dimensional elongated streams, since nearby Galactic orbits have almost identical frequency ratios. We show that the situation is different for orbits close to the Galactic disc, whose vertical frequency Ω z is strongly amplitude dependent. As a consequence, stars stripped from a satellite obtain a range of values for Ω z and hence of frequency ratios, and spread into two dimensions, forming a ribbon-like structure with vertical extent comparable to that of the progenitor orbit. In integrals-of-motion space, tidal ribbons are clumps, which offers the best chance of detection and allows the determination of the Galactic potential vertically across the disc.
INTRODUCTION
Tidal debris streams form via the stripping of stars from galactic satellites by the tidal field of their host and the subsequent spreading of the clouds of stripped stars into one-dimensional structures within six-dimensional phase space. Dozens of such streams have been discovered in the Milky Way from two-or three-dimensional data alone (e.g. Grillmair & Carlin 2016) , but more are likely to be found by searches in more phase-space dimensions. The observable characteristics of these streams constrain the Galactic gravitational potential, including its time evolution, without the need to assume equilibrium of some tracer population. They have, for example, been proposed to constrain the distribution of dark sub-haloes orbiting the Milky-Way (Yoon, Johnston & Hogg 2011; Erkal et al. 2016b; Bovy, Erkal & Sanders 2017) , or used to infer the shape of the Galactic halo (e.g. Koposov, Rix & Hogg 2010; Bowden, Belokurov & Evans 2015; Bovy et al. 2016) .
The orbits of debris stars differ only very little from that of their progenitor, and their drifting away from it originates from that difference. Thus, the debris delineates not a Galactic orbit, but the difference between nearby orbits, which accumulates over time. The orbits of the debris stars also differ between them and comprise a three-dimensional clump in orbit-space. Why then does the debris in general form only a one-dimensional structure?
The main reason is that the directions in which nearby orbits diverge hardly depend on these orbital offsets (in contrast to their rates of divergence). This is because for many Galactic potentials the ratios of the orbital frequencies hardly vary. In other words, the frequency vectors have a preferred direction and their differences also point (almost) in this direction. A preferred direction of divergence from the progenitor implies a one-dimensional structure.
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Mathematically, this is best described using action-angle variables (as first pointed out by Tremaine 1999; , see also Section 3), which provide a conceptually clear and concise picture for the linear drift of the debris away from the progenitor. For a chaotic progenitor orbit, action-angle variables cannot be constructed and nearby trajectories diverge exponentially rather than linearly. This results in widening of the stream to a degree which depends on that of the chaos (Price-Whelan et al. 2016) . In fact, if observed, such widening may be used to place constraints on the presence of chaos in the Galactic potential.
In this study, we show that debris from progenitors on Galactic disc orbits, i.e. with vertical excursion comparable to a few disc scale heights, forms not one-but two-dimensional structures: vertically extended ribbons around the Galaxy. Such debris ribbons can be very useful for constraining the vertical disc potential, i.e. for inferring the Oort limit and the total mass distribution vertically across the disc, because they trace the full vertical extent at each visited (R, φ) position within the disc, which may included the Solar neighbourhood. Here, we present numerical simulations demonstrating the formation of tidal ribbons and provide an explanation in terms of the action-angle formalism.
TIDAL DEBRIS FROM A DISC PROGENITOR
We simulated the tidal debris from a progenitor with a mass of 10 6 M orbiting an axisymmetric model of the Milky Way (Allen & Santillan 1991) for 5Gyr on the orbit of the globular cluster 47 Tuc. Debris is represented as test particles initially sampled onto weakly bound orbits within the progenitor, thereby correctly modelling the stripping process (Hasanuddin & Dehnen, in preparation). 
of the Galactic disc to the gravitational potential, at fixed a + b = 5.32 kpc. For a = 0, this reduces to a spherical Plummer (1911) model, and b = 0 corresponds a razor-thin Kuzmin (1956) disc. The potential in the disc mid-plane (z = 0) only depends on the sum a + b, which acts as scale radius, such that Galactic models with different a, b but the same a + b have the same rotation curve. For the spherical case (a = 0, bottom panel of Fig 2) the debris forms a narrow stream, especially in the ∆φ-z plot, where it closely resembles an orbit (this is an immediate consequence of sphericity when the vertical and azimuthal motions are just two aspects of inclined rotation). But for thinner discs (smaller b), the debris deviates from this picture and fans out to form a vertically extended band. This can be readily understood in terms of action-angle variables, as we now show.
TIDAL DEBRIS IN ACTION-ANGLE SPACE
For many situations in galaxy dynamics, the canonical action-angle phase-space coordinates provide the clearest insight, and tidal debris is no exception. Pioneered by Tremaine (1999) and , many studies have used them to this purpose (e.g. Eyre & Binney 2011; Sanders & Binney 2013a,b; Sanders 2014; Bovy 2014) as we now summarize.
We denote the angle coordinates by θ and their conjugate momenta, the actions, by J. For regular disc orbits, the three actions are J r , J φ , and J z (for more details and a precise definition see Binney & Tremaine 2008, §3.5) . The Hamiltonian is a function of the actions only: H = H(J) and the canonical equations of motion have the simple solutions J(t) = J 0 and
where a subscript '0' denotes initial values (e.g. Goldstein 1980 ). The initial angles and actions of debris stars differ only very little from those of their progenitor. The corresponding offsets, ∆θ 0 and ∆J, then fully describe the time evolution of the debris relative to the progenitor. From the equations (2) of motion, we find that ∆J remains at its initial value, while at time ∆t after the stripping
A comparison with equation (3) shows that the debris behaves like an orbit, but with the angles and frequencies, θ and Ω, replaced with the respective differences, ∆θ and ∆Ω, between debris star and progenitor. Since
(e.g. Johnston 1998; Dehnen et al. 2004; Sanders & Binney 2013a ) ∆J J for debris from small satellites, and we can accurately approximate the frequency offset from its Taylor expansion
with the Hessian of the Hamiltonian (Tremaine 1999 )
This formalism separates the orbital dynamics, encapsulated in the matrix H (and the canonical map from θ, J to Cartesian phase-space co-ordinates), from the stripping process, providing the distribution over ∆θ 0 , ∆J and ∆t. Tidal streams, shells, and ribbons can all be naturally explained in this way, as we now demonstrate.
When does debris form a thin stream?
Consider the situation of a Hamiltonian that depends on the actions only through a linear combination:
with a constant vector ω and some function f . In this case, energy surfaces in action space are parallel planes, Ω = f (I) ω, and
is proportional to the outer self-product of Ω. Such a H has only one non-zero eigenvalue λ 1 with eigenvectorê 1 ∝ Ω (Tremaine 1999). Therefore, any action offset ∆J is projected onto ∆Ω ∝ Ω, and tidal debris forms one-dimensional streams aligned to an orbit. For a spherical galaxy, H depends on J φ and J z only through the total angular momentum L = |J φ | + J z and one need only consider the actions J r and L. For scale-free spherical galaxies, i.e. with power-law circular-velocity v c (r) ∝ r β ,
(Dehnen 1999) with ϕ = κ/ω = 2(β + 1) the ratio of the epicycle frequencies and L c (E) the angular momentum of the circular orbit with energy E. The implied H(J) is of the form (8) with ω = (ϕ, 1, 1), such that the frequencies are approximated as those of the circular orbit with the same energy, and streams as thin and orbit-aligned (Williams, Evans & Bowden 2014) . For the harmonic (β = 1) and point-mass potentials (β = − 1 2 ) this approximation becomes exact: tidal-disruption events near super-massive black holes form elliptic streams (barring general relativistic effects), as does debris from comets or asteroids (barring the effect of the Solar wind). However, for − 1 2 < β < 1 equation (10) slightly over-estimates J r at small eccentricities
with the largest deviation for β = 0 (flat rotation curve; see Dehnen 1999, Fig. 9 ). This deviation from the form (8) implies that the Hessian H has a second non-vanishing eigenvalue λ 2 , and that the eigenvectorê 1 no longer points exactly in the direction of Ω, but deviates by some angle ϑ.
Hence, an isotropic distribution of ∆J results in an anisotropic distribution of ∆Ω with axis ratio |λ 2 /λ 1 |. In reality, ∆J is bimodally distributed as stars stripped from the inner and outer Lagrange points have ∆E < 0 and > 0, respectively, and directions resulting in ∆E = Ω · ∆J = 0 are avoided (see also Eyre & Binney, §6) . This increases the anisotropy of the ∆Ω distribution, but not by much (according to our numerical experiments). This anisotropy directly translates into a relative divergence rate for the debris, implying (assuming the order |λ 1 | |λ 2 | |λ 3 |)
as condition for the formation of thin streams 1 . Such a stream spreads out in the directionê 1 , and the angle ϑ betweenê 1 and Ω is also the angle in θ space between the stream and an orbit (Eyre & Binney, Sanders & Binney 2013a) .
We now estimate |λ 2 /λ 1 | and ϑ for orbits in scale-free spherical galaxies by going beyond the plane-parallel approximation. To this end, we note that the radial frequency is very well approximated by the second-order expression (Dehnen 1999 )
at all eccentricities. This corresponds to
which extends the linear approximation (10) by a term quadratic in L c − L. The implied Hamiltonian is a function of the non-linear combination
of the actions J r and L, and has derivatives
Thus, the Hessian consists of a first part proportional to Ω i Ω j , as for plane-parallel energy surfaces, and a second part that deviates from this pattern. We find that the resulting approximations for the ratio |λ 2 /λ 1 | and the angle ϑ are weak functions of β and e, staying small ( 0.03 and 3
• , respectively) for all β and e.
The largest values for |λ 2 /λ 1 | and ϑ occur for circular orbits, for which the exact H can be obtained via extended epicycle theory for any spherical potential (see Appendix A). We find that for e = 0 equations (16) are correct, except (16c), which makes a maximal error of 4% (at β = 0.15). The implied errors of |λ 2 /λ 1 | and ϑ are small, and we conclude that for spherical galaxies with near-flat rotation curves |λ 2 /λ 1 | 0.03 and ϑ 3
• . These results quantify the statement by Williams et al. (2014) that streams in scale-free spherical systems are thin and nearly orbit-aligned. This also agrees with the findings of Bowden et al. (2015) that modelling the Galactic stream GD-1 using an orbit or a proper stream model makes hardly any difference in a logarithmic potential (β = 0), even if that is oblate.
Moreover, even without knowledge of H(J), Erkal, Sanders & Belokurov (2016a) have shown that debris from progenitors on loop orbits in oblate or triaxial galaxies diverges faster with increasing asphericity or orbital inclination. However, the divergence rates are still modest and result merely in a slow widening of the stream, implying that condition (12) is still satisfied, albeit not to the same degree as for loop orbits in spherical galaxies.
When does debris form a radial shell?
Another well-known form of tidal debris are radial shells, observed in ∼ 20% of elliptical galaxies (Tal et al. 2009 ) and found in simulations of the tidal disruption of satellites on plunging orbits (e.g. Hernquist & Quinn 1988 , 1989 . These shells differ from streams in that the debris spreads over a wide range of directions, such that the accumulation near apo-centre causes a shell-like appearance. Such shells are also described by the action-angle formalism. Consider, for example, the galaxy potential known as Henon's (1959) isochrone sphere (with b a scale radius)
While this model is not very realistic, since it implies a constantdensity core and a ρ ∝ r −4 envelope, it has the benefit that
(18) (Saha 1991 ) is known analytically. We have (e.g. Saha)
with a ≡ −GM/2H and the Hessian follows as (see also Eyre 2010)
where g = g(L) ≡ Ω φ /Ω r . Deviations of H from the form (9) are due to the second term, which has the opposite sign (as g > 0) and dominates for weakly bound near-radial orbits. Such orbits probe both the Keplerian envelope and the harmonic core, and have ∂Ω φ /∂L > 0, reversing the usual decrease of frequency with increasing actions. If ∂Ω φ /∂L + ∂Ω r /∂J r = 0, then λ 1 = −λ 2 , see Fig. 3 2 , and debris spreads equally in two directions forming two-dimensional structures, the caustics of which appear as radial shells.
This situation is quite different from that for scale-free models, √ GMb and L < 2 √ GMb, the bottom left corners of our plots. They incorrectly report ϑ < 2.
• 2 and λ 1 /λ 2 > 10 everywhere (in fact λ 1 /λ 2 < 0) and missed that |λ 1 | ∼ |λ 2 | for some orbits. Figure 3 . Contours of ϑ (the angle betweenê 1 and Ω) and |λ 2 /λ 1 | in action space for the isochrone potential 2 . To the left of the |λ 2 /λ 1 | = 1 contour λ 1 < 0 < λ 2 , while to its right λ 2 < 0 < λ 1 and ϑ changes by 90 • when crossing between these regions. Debris from orbits with |λ 2 | ∼ |λ 1 | forms two-dimensional structures.
and may not explain radial shells in cusped galaxies. However, for plunging orbits in a cusped galaxy, we still expect radial shells if ∆L L. In this case, the approximation (6) is invalid (Eyre & Binney 2011) and with it all reasoning based on the Hessian of H(J), in particular the result from Section 3.1 that debris in scale-free potentials always forms thin streams. For purely radial orbits (L = 0), debris stars will pass the centre of the Galaxy on all sides and get deflected in all directions (with deflection angle 0 for radial orbits in scale-free cusps), creating a wide distribution but with very similar apo-centres and hence forming radial shells. For box orbits in triaxial systems, which regularly come close to the centre, a similar mechanism may apply, but understanding debris from box orbits requires the associated H to be calculated, for example, for triaxial Stäckel potentials.
When does debris form a ribbon?
While radial shells are caused by the violation of the condition (12) on plunging orbits, ribbons occur when this condition is violated for loop orbits. Our simulations suggest that this is the case for disc orbits, but are not open to analytical insight. For that we now construct a toy model. On near-circular disc orbits, the vertical gravitational force is dominated by the attraction of the local Galactic disc. If we approximate the disc as razor thin, we have
with Σ(R) the surface mass density of the disc. For the onedimensional vertical motion in this potential
and The most important property of these relations is the non-linear dependence on the vertical action J z . Even if the assumptions made here are not fully correct, the basic fact that Ω z is a strong function of J z for orbits with vertical extent in the range ∼0.4-4 kpc remains valid. If we ignore the slight curvature of the energy surfaces in the J r -J φ plane (which we discussed in Section 3.1), we expect, for example from a Hamiltonian of the form H = f (ϕJ r +|J φ |+ j 1/3 J 2/3 z ) with appropriate constant j, that the Hessian is approximately
with α ∼ Ω zẑ . For Ω r : Ω φ : Ω z = 1.5 : 1 : 1.4, this Hessian obtains |λ 2 /λ 1 | = 0.25 andê 2 · Ω/|Ω| = 0.46, i.e. a substantial second eigenvalue with eigenvector far from orthogonal to Ω, and hence likely to be projecting onto most debris' ∆J. This agrees with the findings of Sanders & Binney (2013a) , who numerically found |λ 2 /λ 1 | 1 8
(read off their Fig. 2 ) for low-J z orbits in a realistic Galaxy model. For the simulation presented in Section 2, we numerically estimated the actions and frequencies for the progenitor and debris stars using Bovy's (2015) galpy code employing the Stäckel approximation (Binney 2012) , giving 4% and 0.4% rms deviations for J r and J z from their respective orbital means. From these, we obtain H via a linear fit. The results of this exercise, J r,φ,z ≈ 13, 1243, 180 kpc km s −1 ,
Ω r,φ,z ≈ 44, 30, 41 km s
are not far from our toy model. In the top panels of Fig. 4 , we project the numerically obtained ∆Ω for the simulated debris onto the eigenvectorsê i of the Hessian. Evidently, the debris samples two planar regions, one for the leading and another for the trailing stream, in three-dimensional ∆Ω space, largely perpendicular toê 3 . As a result, the debris does not form a thin stream but fans out vertically into a broader structure (Sanders & Binney 2013a) , clearly visible in Fig. 4 near the progenitor. However, eventually the debris densely occupies a twodimensional region in ∆θ, though for typical debris stars it takes ∼ 3 times longer to wrap around in theê 2 than theê 1 direction.
In contrast, the bottom panels of Fig. 4 show the situation for a spherical galaxy, when the distribution of ∆Ω is one-dimensional and the debris forms a thin stream (Fig. 2, bottom panel) .
DISCUSSION
We have demonstrated numerically and explained analytically the formation process of tidal ribbons, which are produced by tidal debris from progenitors on Galactic orbits with highly anharmonic vertical motion, which includes all disc orbits with vertical extent in the range ∼0.4-4 kpc. This also implies that extended tidal streams cannot exist near such orbits.
This phenomenon is entirely caused by the properties of the Galactic gravitational field (and implied Hamiltonian) and independent of the properties of the disrupted satellite. A less massive satellite on the same orbit, for example, obtains tidal ribbons with exactly the same spatial structure as demonstrated in Fig. 5 , albeit with a drift rate reduced ∝ M 1/3 sat , because of relation (5). However, there may be insufficient time for the formation of fully developed ribbons from small satellites, because even after another 5 Gyr the debris will have wrapped just once around the Galaxy and it takes ∼ 3 times longer for most debris stars to wrap around vertically.
These ribbons are two-dimensional entities in six-dimensional phase space and hence spread the debris over a larger region than conventional tidal streams, and could be hard to detect by streamfinding methods. However, a ribbon crossing the wider Solar vicinity should be detectable by exploiting that the debris stars have very similar actions or, equivalently, angular momentum as well as vertical and horizontal orbital energies. This approach is essentially the same as the 'integrals of motion space' search for halo substructure (Helmi et al. , 2017 Myeong et al. 2017) .
Since tidal ribbons trace all vertical displacements and velocities at each (R,φ) position within the disc, the detection of one such tidal feature puts strong constraints on the vertical structure of the Galactic mass distribution within its vertical extent at each traced (R,φ). Fig. 6 demonstrates that the debris accurately traces surfaces of constant vertical energy E z = 1 2 v 2 z + Φ(R, z), and thus allows to read the run of Φ with z off such a plot.
Whether such tidal ribbons remain coherent over many Gyrs within the environment of the Galactic disc, where spiral arms and the bar induce significant perturbations, is less clear. In fact, the dissolution of a zero-dimensional progenitor into a two-dimensional ribbon, rather than a one-dimensional stream as in the Galactic halo, is the first step of the accelerated mixing within the Galactic disc.
